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Abstract:

Eigenvalues are core quantities to connect mathematical operators with practical physical
and engineering problems. The computation of eigenvalues (and eigen-vectors) is a
fundamental numerical procedure with broad and critical applications across engineering,
science, and interdisciplinary fields-especially in problems involving dynamic systems,
stability analysis, pattern recognition, and multi-physics coupling. In this paper, we
first review a few important application examples of eigenvalues in finite element error
estimation, energy engineering, quantum mechanics, and chemical adsorption. Existing
eigenvalue solving methods have drawbacks such as sensitivity to initial parameters and
for iterative methods, lack of robustness with respect to iterations, for eample, difficulty in
balancing the preservation of length and unconditional energy stability at the iteration. In
this paper, we present an efficient and robust algorithm for solving the first m eigenvalues
problem. It can be extended to both linear and nonlinear problems. This algorithm has
several unique advantages. It converges to the first eigenpair or the first m eigenpairs
from arbitrary initial guesses. Moreover, its strict length preservation and unconditional
energy stability ensure high robustness throughout the computation and maintain stable
convergence even when large time steps are employed. We begin by deriving the desired
gradient flow equation through the introduction of an extended gradient flow and prove
that it possesses the properties of length preservation and energy dissipation, implying that
the solutions of our gradient flow equation lies on the Stiefel manifold. Then it is proved
that the ordinary differential equation form of this equation has the desired property of
existence and uniqueness of a solution. We present an effective algorithm and demonstrate
that both its ordinary differential equation and discrete scheme retain length preservation
and energy dissipation. Finally, the effectiveness of the algorithm is validated through
numerical experiments.

1. Introduction

The efficient solution of eigenvalue problems play a cru-

and Berry, 2002; Kashiwagi, 2009), the QR algorithm (Fran-
cis, 1961, 1962), nonlinear inverse iteration (Unger, 1950),
Rayleigh quotient iteration (Kaniel, 1966; Geltner, 1981),

cial role in fields such as quantum mechanics, chemical
adsorption, energy engineering, and finite element analysis
(Golebiewski and Taylor, 1967; Zheng et al., 2013; Grif-
fiths and Schroeter, 2018). Existing numerical methods can
be broadly divided into two categories. The first category
consists of classical algebraic iterative algorithms, including
the Newton iteration (Kublanovskaya, 1970; Khazanov and
Kublanovskaya, 1988; Kressner, 2009), residual inverse it-
eration (Neumaier, 1985), the inverse power method (Allen
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Krylov methods (He and Prabhu, 2003), the Lanczos algorithm
(Parlett, 1990), the Arnoldi algorithm, and Jacobi-Davidson
type methods (Sleijpen et al., 1996; Betcke and Voss, 2004;
Botchev et al., 2009), among others. While these methods
generally have certain advantages and some of them offer
high computational efficiency, they face several challenges in
practical applications. For instance, the inverse power method
is highly sensitive to the selection of initial shift parameters.
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The second category is based on optimization methods derived
from continuous dynamical systems. One desired numerical
property for such methods is to strictly preserve the key
geometric and physical properties of the original continuous
system at the discrete level (Edelman et al., 1998; Budd and
Piggott, 2003). However, many existing algorithms struggle to
satisfy both requirements simultaneously. Some fail to ensure
that the iterative sequence remains on the Stiefel manifold
(i.e., length preserving), leading to numerical solution drift.
Others only achieve conditional energy stability, meaning that
the energy dissipation property holds only when the time
step is sufficiently small, which severely restricts computa-
tional efficiency and applicability. Consequently, developing
an efficient algorithm that can ensure length preservation
and unconditional energy stability remains a challenging yet
critical task.

In this paper, we present a robust algorithm for solving
the smallest eigenvalue, which can be extended to compute
the first m minimum eigenvalues. This algorithm overcomes
the drawbacks of traditional methods: it converges to the
first eigenpair or the first m eigenpairs from arbitrary initial
guesses, and maintains high robustness even with large time
steps. Furthermore, the algorithm can be extended to both
linear and nonlinear problems. In this paper, we derive a
length-preserving and energy-dissipative gradient flow equa-
tion and prove the existence and uniqueness of its solutions.
Subsequently, we design a discrete scheme that possess these
essential properties. The algorithm’s effectiveness and accu-
racy are validated through numerical experiments.

The remaining organization of this paper is organized
below. In the next section, we list the specific practical
applications of eigenvalues in several fields; In section 3, we
present a length-preserving and unconditionally energy-stable
algorithm for computing the smallest eigenvalue, together with
numerical experiments to verify the efficient of the algorithm.
In section 4, we extend the algorithm from the previous section
to obtain one for solving the first m smallest eigenvalues,
which also possesses the properties of preserving length and
energy dissipation. In section 5, conclusions are summarized.

2. Application of eigenvalues

It has been discovered that many complex problems are
inherently related to eigenvalues. For example: the constant C
of finite element error estimation can be computed by reformu-
lating into an eigenvalue problem; in the chemisorption prob-
lem, they correlate with adsorption properties in chemisorption
through electronic energy levels, enabling predictive models;
in quantum mechanics, by transforming complex optimization
problems into eigenvalue problems, system stability can be
intuitively quantified (Lima, 2002). Next, we first outline the
role of eigenvalues in these applications, then analyze in
detail the intrinsic connections between eigenvalues and two
complex fields (chemical adsorption and quantum mechanics).

2.1 The relationship between constant C and
eigenvalues in finite element error estimation

In finite element error estimation, C depends on the
Poincaré constant (Braess, 2007; Banjai and Boulton, 2021),
the Babuska-Aziz constant (Liu and Kikuchi, 2010; Liu and
Oishi, 2013), element shapes (Durdn et al., 1999; Liu and
Kikuchi, 2010; Liu and Oishi, 2013, 2013a; Schilling et
al., 2014) and inverse inequalities (Liu and Oishi, 2013), ect.
All of which are essentially determined by local and global
eigenvalues (Ciarlet, 2002). In addition, it has been found that
the constant C has a quantitative relationship with eigenvalues.
For example, in elliptic equations, the upper bound of C is
determined by the eigenvalues of the operator or matrix. Under
the H'-norm, C < /A max/ Ak min» While under the L? norm,
C is positively correlated with the maximum eigenvalue of the
error operator (Ciarlet, 1978, 2002); the Poincaré constant is
inversely proportional to the smallest eigenvalue of the domain
(a smaller eigenvalue yields a larger constant C and a looser
error margin), which may lead to misjudge the accuracy of
the solution, especially near singular points. We note that this
”quantitative relationship between C and eigenvalues” can also
be derived from the differences in C values across different
element types, as detailed in Table 1. As observed from the
table, the relationship between the eigenvalue distribution of
different finite element types and the error constant C in
the H'-norm is as follows: the higher the concentration of
the eigenvalue distribution and the larger its lower bound,
the smaller the corresponding C value. Among these, high-
order quadrilateral elements exhibit the optimal eigenvalue
distribution and the smallest C value, while non-conforming
low-order elements show the worst eigenvalue distribution and
the largest C value. Additionally, Liu and Kikuchi (2010)
indicated that element distortion causes the smallest eigenvalue
of the stiffness matrix to approach 0 and C to approach infinity.

2.2 Application of eigenvalues in energy
engineering

Research has demonstrated that in energy engineering,
transforming complex optimization problems into eigenvalue
problems offers several advantages: enabling intuitive quantifi-
cation of system stability (Lima, 2002), effective simplification
of high-dimensional complex systems, advance prediction of
fault boundaries (Harne, 2012), support for multi-objective
optimization design, and compatibility with mainstream engi-
neering tools (Auchmuty, 1989; Lima, 2002). These benefits
highlight the significance of eigenvalue methods in energy
engineering. Among them, the relevant theoretical methods for
transforming complex optimization problems into eigenvalue
problems include variational principles (Auchmuty, 1989;
Auchmuty and Rivas, 2015), Rayleigh quotient theory (Can-
field, 1993), and semidefinite programming relaxation methods
(Helmberg and Rendl, 2000; Achtziger and Kocvara, 2008).

For instance, in the small-signal stability-constrained op-
timal power flow (SSSC-OPF) problem, the stability of the
system is entirely determined by the eigenvalues of the state
matrix (Gupta et al., 2019; Kerdphol et al., 2021). The system
is asymptotically stable when all eigenvalues have negative
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Table 1. Error constants C and eigenvalue distributions of different finite elements.

Element type C (H'-norm)
Linear triangular (conforming) 3.82
Quadratic triangular (conforming) 1.48
Linear quadrilateral (conforming) 2.55
Quadratic quadrilateral (conforming) 1.12
Linear triangular (non-conforming) 4.27

Eigenvalue range  Reference

0.12 ~ 2.35 Brenner, 2008

0.85 ~ 1.92 Quarteroni and Valli, 2008
0.65 ~ 2.81 Ciarlet, 1978

1.02 ~ 1.75 Quarteroni and Valli, 2008
0.08 ~ 2.51 Crouzeix and Raviart, 1973

Table 2. Summary of SSSC-OPF results with different small-signal constraints (Li et al., 2013 ).

Cases Generation  Spectral ~ Cost Iteration ~ System stability status
cost ($/h) abscissa  increase times
base case  3941.58 -0.20 0.00% 25 Approaching critical stable
n <-0.16 3941.58 -0.20 0.00% 46 Approaching critical stable (no improvement)
n <-0.25 3944.07 -0.25 0.06% 54 Asymptotically stable (margin improved)
n < -0.30 3947.93 -0.30 0.16% 49 Asymptotically stable (margin increased)
n <-0.35 3951.85 -0.35 0.26% 38 Asymptotically stable (high margin)
n <-040 3956.18 -0.40 0.37% 45 Asymptotically stable (higher margin)
n <-045 3960.27 -0.45 0.47% 58 Asymptotically stable (optimal margin)
min(n) 4083.93 -0.525 3.61% 69 Asymptotically stable (max margin)

real parts. It is in a critically stable when some eigenvalues
have zero real parts, and unstable when any eigenvalues have
positive real parts. Based on this principle, researchers pro-
posed a nonlinear semidefinite programming (NLSDP) model
and algorithm for eigenvalue optimization (Li et al., 2013).
Numerical results demonstrate that this method effectively
solves the optimal power flow problem with small-signal
stability constraints. The specific SSSC-OPF results under
different spectral abscissa constraints are summarized in Table
2, and the generation costs for different 1 values are shown
in Fig. 1.

40839

uuuuu
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Generation Cost (§/h)
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30816 30416
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Spectral Abscissa

Fig. 1. Column chart of generation cost under spectral abscissa
constraint.

According to small-signal stability theory, Table 2 showed
that generation cost increased as small-signal stability con-
straints became more binding, and the transition of the sys-
tem’s stable state from near-critical stability to an optimal
stability margin indicated that its anti-interference capability
was gradually improving. Specifically, within the reasonable

constraint interval of —0.45 < n < —0.25, only a 0.06%
to 0.48% cost increase was required to achieve the sub-
stantial improvement from “approaching critical stability” to
“asymptotic stability”. This constitutes the optimal trade-
off between economy and security, which fully satisfies the
practical engineering requirements of power systems. At the
same time, the reasonable increase in the number of iterations
indicated that the algorithm exhibited excellent convergence
and robustness. Thus, SSSC-OPF can strike a balance between
the small-signal stability constraints and the higher generation
cost. Additionally, in structural vibration control, the natural
frequencies of a structure correspond to the eigenvalues of its
stiffness matrix (Schwarzendahl et al., 2012; Coh et al., 2017),
while in renewable energy grid integration systems, voltage
stability can be evaluated via the minimum eigenvalue of the
admittance matrix (Huang et al., 2017).

2.3 Application of eigenvalues in chemisorption

In chemical adsorption studies (Brenig and
Schénhammer, 1974; Gomer, 1975), quantifiable descriptors
can be identified and corresponding predictive models can be
constructed by correlating the energy levels (i.e. eigenvalues)
of electronic structures with adsorption strength, activation
ability, and catalytic activity. A prominent representative is the
Newns-Anderson model (Norsko et al., 1990), whose core idea
is to simplify the interaction between the adsorbate and the
metal surface as the coupling between the adsorbate orbitals
and the metal bands, and to understand the adsorption process
by solving the corresponding eigenvalue problem. As core
mathematical tools for quantifying chemisorption, eigenvalues
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Table 3. Eigenvalue descriptors corresponding to different carrier types and research objectives.

Carrier type Research objective

Eigenvalue descriptors

Reference

Metal Adsorption strength
Metal Catalytic activity
Semiconductor ~ Adsorption selectivity
Semiconductor ~ Catalytic activity
Insulator Adsorption stability

d-band center/DOS peak

d-band center/DOS at Fermi level
Band gap/VBM position

CBM position/carrier concentration

Charge distribution at adsorption sites

Hammer and Norskov, 1995
Greeley and Mavrikakis, 2004
Chaves et al., 2020

Walter et al., 2010

Pacchioni, 2013

have been widely applied in various systems, including
transition metal surfaces (Zheng et al., 2013), single-atom
catalysts (Ren et al., 2022; Wang et al., 2025), alloy materials
(Li et al., 2013; Huang et al., 2018), and two-dimensional
functional materials (Li et al., 2021; Li and Wang, 2024). For
instance, the d-band center of transition metals (a weighted
average of d-orbital eigenvalues) can directly predict the
adsorption strength of small molecules and has become a
core descriptor for catalyst design (Ngrskov et al., 2004;
Montemore and Medlin, 2014); changes in the bandgap
eigenvalues of two-dimensional materials can intuitively
reflect adsorption-induced electronic structure reconstruction,
thereby laying a foundation for the development of gas
sensors (Huzaifa et al., 2024; Patra et al., 2025). In chemical
adsorption research, appropriate eigenvalue descriptors should
be selected based on the carrier type and research objectives,
with some related details summarized in Table 3.

Furthermore, chemisorption, as a crucial process in surface
science and catalytic reactions, involves molecular interactions
and is significant for investigating catalyst design, environ-
mental pollution control, energy conversion, and other related
fields. Density functional theory (DFT), a core theory in
modern computational chemistry, is widely applied to the
computation of electronic structures of substances. It holds sig-
nificant scientific value and broad application prospects, par-
ticularly in areas such as chemical reactions, material design,
catalytic processes, and energy engineering. In recent years,
with the advancement in computing power and algorithm
development, DFT has played a pivotal role in describing the
electronic behavior of complex systems and predicting reac-
tion mechanisms in chemisorption processes. However, DFT’s
computational complexity and convergence issues, particularly
for large-scale systems, hinder its widespread application.
Therefore, for the Kohn-Sham DFT model in chemisorption
problems, it is of great significance and practical value to
construct efficient structure-preserving numerical algorithms,
which can enhance computational efficiency and convergence,
resolve the computational challenges of current methods in
large-scale complex systems, and advance DFT applications
in chemistry, materials science, environmental science, and en-
ergy engineering—particularly practical applications in energy
and environmental protection.

Molecular simulation (MD) technology was employed to
investigate fluid behavior (including adsorption) in porous
media as early as 2010. While classical force-field MD is
relatively accurate for physisorption’s study, quantum chemical

calculations or MD simulations based on force fields derived
from quantum mechanical calculations must be employed
for chemisorption studies. Quantum chemical calculations for
chemisorption (hereinafter referred to as quantum chemical
calculations) are currently still lacking in energy research
fields such as shale oil and gas development, underground CO»
sequestration, and geological hydrogen storage. For the quan-
tum chemical calculations of chemisorption, DFT is currently
the most widely used dimensionality reduction algorithm. For
the quantum chemical calculations of chemisorption, DFT
is currently the most widely used dimensionality reduction
algorithm (Nair et al., 2023, 2023a, 2024, 2024a, 2024b,
2025). During the research work of DFT, scientists gradually
realized drawbacks and limitations of the algorithms integrated
into commercial quantum chemistry software, one example as
illustrated in Fig. 2. Consequently, the development of novel
algorithms for DFT calculations has been attempted recently;
for example, one unconditionally stable iterative algorithm has
been proposed to replace DFT’s SCF (self-consistent field)
iterations (Wang et al., 2024).

2.4 The relationship between eigenvalues and
quantum mechanics

In quantum mechanics research (Gasiorowicz, 2003; Grif-
fiths and Schroeter, 2018), the core is to correlate the phys-
ically observable quantities of microscopic systems (e.g., en-
ergy, angular momentum) with operator eigenvalues. Specifi-
cally, the measured value of any physical quantity must be an
eigenvalue of the corresponding self-adjoint operator, while
the measurement probability is determined by the modulus
squared of the expansion coefficient of the quantum state in
the basis of the operator’s eigenfunctions.

A typical representative is the single-particle steady-state
Schrodinger equation (Schrodinger, 1926; Golebiewski and
Taylor, 1967). The core idea of this equation is to transform
the energy of the microsystem into the eigenvalue problem
of the Hamiltonian operator. By solving for the operator’s
eigenvalues and eigenfunctions, we can not only determine the
allowed quantum states of the system but also accurately pre-
dict the observed values of physical quantities. The expression
E, = —13.6/n’eV (where n is the principal quantum number)
is the eigenvalue of the Hamiltonian operator and corresponds
to the allowed energy levels of the microscopic system. The
discrete spectral lines observed in the experiment are shown
in Fig. 3. Each horizontal line in the figure corresponds to the
energy levels of different principal quantum numbers n, and
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al., 2024b).

the marked energy values are in perfect agreement with the
calculation results derived from the formula E,, (Bohr, 1913;
Eckert, 2013), which intuitively demonstrates the quantization
characteristic of energy.

ENERGY
n=8 T -0.21ev
n=7 -0.28ev
n=6 Fiamphreys -0.38 ev
£ Series -0.54 ev
=2 Pfund
= Series -0.85 ev
n=4 Brackett
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= -1.57ev
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Series
n=1 -13.6 ev
Lyman
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Fig. 3. The spectrum lines of hydrogen atoms.

Meanwhile, the arrows of different colors in the figure
represent the electronic transitions between energy levels:
purple arrows correspond to the Lyman series for n — 1,
and green arrows correspond to the Balmer series for n — 2.
The energy difference of each arrow (indicated by the arrow
length) corresponds to the energy of the emitted photon,
and the set of these transitions exactly matches the discrete
spectral line series observed in the experiment. Thus, the figure
clearly validates that “the hydrogen atom energy eigenvalue
formula perfectly matches the experimentally observed spec-
tral line series.” This “operator-eigenvalue-physical quantity”
correspondence forms the cornerstone of quantum mechanics
theory (Dirac, 1981). Whether it is the eigenvalue /(I + 1)A?
(where [ is the angular quantum number) of the orbital angular
momentum operator L% in angular momentum quantization
(Jackiw, 2018), or the eigenvalue :I:%h of the electron spin

chemical adsorption problem (Nair et al., 2023a; Nair et

operator, the discreteness of eigenvalues reveals the quantum
nature of the microscopic world. This provides core theoreti-
cal support for atomic structure analysis, magnetic material
design, quantum computing, and other related fields (Van
Vleck, 1932; Nielsen and Chuang, 2010).

For multiparticle systems, the Schrodinger equation is
employed to characterize a molecular systems consisting of M
atomic nuclei and N, electrons. It provides all the information
about the system, including binding energy, electron affin-
ity, molecular softness, absolute hardness, chemical potential,
nucleus-independent chemical shift (NICS), and molecular
electrostatic potential (MESP). However, directly solving this
equation is extremely complex because it is an inseparable
partial differential equation whose primary unknown is the
wave function. It is a function of 3(N, + M) independent vari-
ables representing spatial positions, and the complexity of the
problem grows exponentially with the increase in the number
of electrons and nuclei. To simplify the complexity of the
problem, the Born-Oppenheimer (BO) approximation (Born
and Oppenheimer, 1927) is introduced, which reduces the
multi-particle Schrodinger equation to the time-independent
Schrodinger equation for a multi-electron system (see Fig. 4).

f{\p (:L'l,.'EQ, . ..’.UNE) = E\I{\(:Bl,xz, . .a:NE)

;\\\
A“\TJ[ ¥ is the wave function]
-
Mathematically, it is the eigenf-
H is the molecular
Hamiltonian operator H
i\MathematicaIIy, it is the eigenvalue to be solved }

X1, X9, .0, X are the coordinates of Ne electrons
1, X, N, th dinates of Ne elect
\

Fig. 4. Time-independent Schrodinger equation for a multi-
electron system.

unction to be solved

i'E is a constant with an energy dimension.

The BO approximation assumes that the mass of atomic
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nuclei is much larger than that of electrons, therefore, nu-
clear motion can be neglected, and the electrons are treated
as moving within a fixed nuclear framework. Through this
approximation, we can decouple the many-body problem into
independent electronic and nuclear components, thereby sig-
nificantly reducing the computational complexity. The BO ap-
proximation assumes that atomic nuclei are far more massive
than electrons. Therefore, nuclear motion can be neglected,
allowing the electrons to be treated as moving within a
fixed nuclear framework. Through this approximation, we
can decompose the multi-body problem into two independent
subproblems corresponding to the electronic part and the
nuclear part respectively, thereby significantly reducing the
computational complexity. Nevertheless, even after the system
is simplified to an electronic problem via the BO approxima-
tion, it remains a high-dimensional linear eigenvalue problem.
Specifically, assuming there are N, electrons in the system
and each electron has three spatial coordinates, the electronic
wave function is a function of 3N, independent variables. As
the number of electrons increases, the dimensionality of the
system rises rapidly, which leads to an exponential growth in
computational load and storage requirements.

This high-dimensional growth leads to the well-known
curse of dimensionality, making the problem essentially in-
tractable. As the number of electrons increases, the storing,
processing, and solving for the wave function become ex-
tremely challenging. Currently, various computational meth-
ods have been developed to address multi-electron systems,
including wave function-based methods, Density Functional
Theory (DFT), and quantum Monte Carlo methods. Among
these approaches, wave function methods and DFT are most
representative. The wave function method is one of the main-
stream approaches in the field of quantum chemistry (Sherrill
and Schaefer, 1999), it calculates the electronic wave function
of a system by solving the multi-body Schrodinger equation,
thereby deriving the system’s energy and other physical prop-
erties. Although the wave function method has high accuracy,
its computational cost is prohibitive. Especially when dealing
with multi-electron systems, the computational complexity is
substantial, which limits its application to large-scale systems.

To reduce the computational complexity, DFT is intro-
duced. It describes a multi-electron systems via electron
density rather than wave functions, transforming the multi-
body wave function problem into a single-particle problem.
Herein, the electronic density only depends on spatial coordi-
nates, reducing the originally high-dimensional multi-electron
problem to a three-dimensional one and significantly lowering
the computational complexity, as illustrated in Fig. 5. The
idea of DFT can be traced back to the Thomas-Fermi model
proposed by Thomas and Fermi in 1927. In 1964, Hohenberg
and Kohn (1964) proposed the Hohenberg-Kohn theorem,
which states that a system’s ground-state energy is a unique
functional of the electron density and that the external potential
can be determined by the electron density. Subsequently, Kohn
and Sham (1965) further developed this theory and proposed
the Kohn-Sham equations. Specifically, by constructing an
uninteracting system, the complex multi-electron Schrodinger
equation is transformed into a simple single-electron problem.

Then, an exchange-correlation functional is modeled to cor-
rect the deviations caused by the approximation of the non-
interacting system.

The earliest solution method for Kohn-Sham DFT is the di-
rect energy minimization method (Francisco et al., 2004; Jiang
and Dai, 2015). However, due to orthogonality constraints,
maintaining the orthogonality of orbitals becomes a major
challenge for this method. This usually requires additional
algorithmic strategies and involves enormous computational
complexity. Based on the variational principle and the differ-
entiability of the energy functional, the energy minimization
problem can be transformed into the following nonlinear
eigenvalue problem on a three-dimensional space:

(- 58+ Veatow) ) i) = i), in

/Rzl//,'(r)l//j(r)dr:&j, ij=1.2,....N

The self-consistent field (SCF) iteration method is a tradi-
tional approach for solving nonlinear eigenvalue problems. It
solves the Kohn-Sham equations by repeatedly applying fixed-
point iteration until the self-consistency condition is satisfied.
While this method is effective for small-scale systems, its
convergence is unsatisfactory for small-band-gap systems.
Especially in the calculation of large-scale systems, the con-
vergence behavior of SCF iteration becomes unpredictable,
resulting in low computational efficiency (Liu et al., 2014,
2015; Dai et al., 2017). The earliest numerical analysis of
nonlinear eigenvalue problems was proposed by Zhou (2003),
which established the convergence of the finite-dimensional
approximation of the Gross-Pitaevskii equation for Bose-
Einstein condensates. Chen et al. (2013) conducted a sys-
tematic a priori error analysis of arbitrary finite-dimensional
discretizations of the Kohn-Sham equations under the assump-
tion of local diffeomorphism, and proved that the limit of any
finite-dimensional discretization converges to the ground state
under appropriate conditions. Subsequently, Chen et al. (2014)
further performed a posteriori error analysis of the finite
element discretization of the Kohn-Sham equations.

The gradient flow method, as a novel strategy for solving
the Kohn-Sham equations, has attracted considerable attention
(Bao and Du, 2004; Yang and Ju, 2017; Shen et al., 2019).
In the gradient flow model, the concept of gradient flow is
introduced, and the Kohn-Sham energy functional is regarded
as a dynamic process, thereby finding the lowest energy state
of the system through a flow-based approach. Unlike the SCF
iteration method and the direct energy minimization method,
the gradient flow method has unique advantages in structure
preservation. It can maintain orbital orthogonality without ex-
plicit orthogonalization operations, avoiding the computational
overhead of traditional methods. Dai et al. (2020) proposed
a model that can simultaneously ensure energy stability and
satisfy orthonormality constraints of orbitals by introducing
an extended gradient within a continuous framework. This
property provides a foundation for designing numerical dis-
cretization methods that are unconditionally energy-stable and
orthonormality-preserving. Fig. 6 outlines the solution strategy
for Kohn-Sham DFT.
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In recent years, unconditionally energy-stable numerical
discretization methods, represented by the numerical solution
of gradient flows, have gained recognition in the academia,
particularly for problems involving multi-component, multi-
phase flows, and transport phenomena (Feng et al., 2022; Shen
et al., 2022). Since these problems typically involve strong
nonlinearity, multi-physics coupling, and non-convexity of the
background energy, traditional methods often require the use
of small time steps to ensure computational stability. However,
when only conditional energy stability is satisfied, the use
of small time steps may severely reduce computational effi-
ciency. Therefore, constructing unconditionally energy-stable
discretization schemes is crucial, it cannot only improve the
computational efficiency of numerical simulations but also
enhance the robustness of calculations, thereby playing a key
role in the numerical solution of complex systems.

3. Robust algorithms for solving the smallest
eigenvalue

Next, we will introduce in detail a robust algorithm for
solving the smallest eigenvalue, which can be extended to
computing the first m smallest eigenvalues. This section fo-
cuses on the robust algorithm for solving the smallest eigen-
value.

3.1 Gradient flow based model

The smallest eigenvalue Ay, of a symmetric matrix A €
R™ " is given by the solution of the following constrained
minimization problem:

1
Amin = min —(Av,v) subject to |v|z =1
veRn 2

where E(v) = 1(Av,v), the constraint defines the unit sphere
§"~1 c R”, which is a compact set that ensures the existence
of a minimum.

Introducing the Stiefel manifold:

M = {vER"|vTv:I}
Then the gradient of VE(v) on the Stiefel manifold is:

VGE(v) = VE(v) —v(v VE(v))
where v(vI VE(v)) is the component of VE(v) along the
direction of v, and this component is subtracted to ensure
orthogonality.

To facilitate the design of length-preserving numerical
solutions, we extend the gradient flow VgE(v) from the
manifold .# to the entire space R"”. We denote the extended
gradient flow by VgE (v), which is defined as:

VGE(v) = (v, v)VE(v) —v(vI VE(v))
Different from the eigenvalue energy minimization model,
we consider the following gradient flow model:
dv

— =—-VgcE 0<t<o
0 cE(v), 0<t<

V(ZZO)ZM(), ||V0H2: 1
where VGE(v) = (v,v)Av — (Av,v)v, A is a symmetric positive-

D

definite matrix.

Theorem 3.1. When ||v(0)|| =1 and A is a symmetric positive
definite matrix, the gradient flow in Eq. (1) possesses the
properties of length preservation and energy dissipation, and
it holds that:

dE

— <0

=1
=1, <

Proof. From Eq. (1), we have:

d, s dv
2w =2 (dt) — 23, (v, 1Ay — (Av, )

= 2|v[*(»Av) +2(4v,v)|]v]|* = 0
Thus, when the initial condition |[v(0)|| =1 is satisfied,
|[v(¥)|| = 1 holds for all + > 0. This proves that the solution
to the gradient flow Eq. (1) remains on the manifold at all
times. Let E(v) = %(Av, v), by the Cauchy-Schwarz inequality,
we have (Av,v)? < ||Av|]?||v||?, thus:

dE dv
o= (Av, dt> = (Av, —(v,v)Av+ (Av,v)V)
= [~ IVIPllAv]* + (Av,v)*] <0

Hence:
dE
— <0
dt —
This implies that the Eq. (1) satisfies the property of
energy dissipation for all r > 0. O

Theorem 3.2. When the initial condition ||vo| =1 is satis-
fied, the gradient flow Eq. (1) has the global existence and
uniqueness of solutions.

Proof. Let f(v) = —[(v,v)Av — (Av,v)v], clearly f € C*. By
Theorem 3.1, for any vy, va, we have ||vo| = |[vi]| = [|v2| =1,
thus:

F1) = f(v2) = —=A(vi —v2) + (Avi,v1) (vi —v2)
+ [(A(v1 — V2)7V1) + (AV27V1 — VZ)] %)
Taking the norm of both sides and applying the triangle
inequality, we obtain:

[f (1) = f) | < | =Av1 =v2) [+ [[(Avi,vi) (vi = o) |
+ (AW =v2),vi)va [ + [ (Avz, v = v2)va|
Applying the Cauchy-Schwarz inequality and the property
of operator norm, we have:

1f (1) = f )l < 4lIA][[[vi = val|

That is, f satisfies the Lipschitz condition with constant
L=4Al.

By the Picard-Lindeldf existence and uniqueness theorem,
a local solution exists and is unique. According to Theorem 3.1
and the extension theorem for solutions of ordinary differential
equations, this local solution can be extended indefinitely on
the sphere, thus yielding the existence of a global solution. We
now proceed to prove the uniqueness of the global solution.
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For Eq. (1), suppose there exist two solutions v;(¢) and
v2(t). Define the difference as w(r) = vi(r) — vo(¢), then
w(0) = 0. Thus:

dw
o= —Aw+ [(Av,vi)vi — (Ava, va)v2)
= —Aw+ (Aw,v1)vi + (Ava,w)vi + (Ava, va)w
and

d dw
E”WHZ =2 <w7 dt) = —2(w,Aw) +2[(Aw, v} ) (w,v1)
+H(Ava,w) (w,v1) + (Ava, va) | w] ]

Due to the symmetric positive definiteness of A, we have
(W,AW) > Amin(A)|w||?, where Amin(A) denotes the smallest
eigenvalue of A. Then, utilizing the Cauchy-Schwarz inequal-
ity and properties of the operator norm, we arrive at the
following result:

d
Sl < =22min (A) w2 + ]| A [ w][* = Li|w]*

where L= 6||A|| —2Amin(A). Let u(t) = ||w(z)]||?, then u(0) =0,
we have:

d
d—? <Lu(t), t>0
By the Gronwall inequality:

u(t) < u(0)eoLds = y(0)eH =0
Since u(t) = ||w(t)||*> > 0, it follows that u(t) = 0, i..,
vi(t) = vo(t). Hence, the solution is unique. In conclusion,
the gradient flow Eq. (1) admits a unique global solution. [

3.2 Discrete scheme

In this section, we present a length-preserving and un-
conditionally energy-stable discrete scheme for computing the
smallest eigenvalue. The details are as follows:

v
At

_ (vk+7,vk+%)Avk+% _ (Avk+% ,vk+%)vk+%

2

1
where V72 = L (VFHT k),
Theorem 3.3. The numerical solution of the scheme Eq.
(2) satisfies:

= =1, 0BG <EGY

Proof. Taking the inner product of V3 with both sides of

the discrete scheme Eq. (2), we have:

K112 _ ||k][2
=R
2At
Thus, [[V¥F!||> —|[vk||> = 0. Given the initial condition
V0| = 1, it follows that |[v**!|| = ||vK|| =1 for all k > 0.

Define the energy function as E(v*) = §(Avk,1¥). Taking

the inner product of A2 with both sides of the discrete
scheme Eq. (2), we obtain:

k+1Y _ k 2
E(v )At E(V ) 7||Vk+% ||2||Avk+% ”2 (vk+%’Avk+%)
3)

From the Cauchy-Schwarz inequality, it follows that:

1 1\ 2 1 12
(vH?,Ava) < Hvk+7 ‘Av”f

Substituting the above inequality into Eq. (3), we can
derive that:

|

E(vk+l) SE(Vk)
This completes our proof. O

3.3 Numerical experiments

In this section, we derive a fully discrete scheme by
applying the finite difference method under homogeneous
Dirichlet boundary conditions, as follows:

k+1 &
Vi TV

At

k+y o k+dy o kth kt} kg k3

=— (v, *,v, Ay, * —=(Av, v, %)y,

1
where v];+7 = %(vfl“ —&—vﬁ). Obviously, this fully discrete
scheme also possesses the properties of length preservation
and energy dissipation, due to Theorem 3.3.

Next, to validate the effectiveness of our algorithm, we
consider the eigenvalue problem: —Au = Au on the domain
Q =10,1] x [0,1] with homogeneous Dirichlet boundary con-
ditions, u(0) is an arbitrary eigenvector satisfying ||u(0)|| = 1.
Let Mheory and A, denote the smallest theoretical eigenvalue
and numerical eigenvalue, respectively. The error between
them is defined as:

e(ﬂ'fheorya An) = ||)Lrheory - AhHL“(Q)

Table 4 lists the errors between the smallest theoretical
eigenvalues and the corresponding numerical eigenvalues for
different grid sizes at Ar = 1. Fig. 7 shows the evolution of
the total energy with respect to the number of iterations for
the mesh with A = ﬁ. From Table 4, it can be observed that
our method remains efficient even with large time steps. Fig.
7 demonstrates the dissipation of total energy as the number
of iterations increases. This further indicates that our method

is unconditionally energy-stable even with large time steps.

Energy Evolution

— E(u)
~— = Theoretical Energy

19.95 |
19.90

19.85 -

Energy

19.80

19.75

25 5.0 7.5 10.0 125 15.0 17.5
Number of Iterations

Fig. 7. The evolution of the total energy for h = ﬁ.
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Table 4. The error results of the smallest eigenvalue with Ar = 1.

h Atheory A e(A, Ay)

1/10 19.739208802179  19.675574494181 6.363431e-02
1/20 19.739208802179  19.737586098044  1.622704¢-03
1/40 19.739208802179  19.739161696735  4.710544¢-05
1/80 19.739208802179  19.739207203862  1.598317e-06
1/160  19.739208802179  19.739208739976  6.220284e-08
1/320  19.739208802179  19.739208799382  2.797059e-09

4. Robust algorithm for solving the first m
smallest eigenvalues

In this section, we present a length-preserving and un-
conditionally energy-stable algorithm for computing the first
m smallest eigenvalues of the gradient flow, and we prove
the existence and uniqueness of solutions for the proposed
algorithm. The specific details of this algorithm are as follows.

First, we solve for the smallest eigenpair (A;,u;) via the
scheme formulation below:

d

a—: =—[(v,v)Av — (Av,v)V]
where ||v(0)|| = L. Then, by imposing the constraint v(0) L u;,
the second smallest eigenpair (4;,u;) can be derived from the
subsequent equation:

% = —[(v,v)Av — (Av,v)v — (Av,u; )u]
By analogy, when the first (m-1) smallest eigenvalues of
A are known, a recursive algorithm for computing the m-th
smallest eigenvalue can be obtained, with its specific form
given as:

v m—1
5= (v, v)Av — (Av,v)v — lg{ (Av,u;)u; @)

(O =1,v(0) Luji=1,--- ,m—1
where {u;} are the eigenvectors of the symmetric positive
definite matrix A, satisfying Au; = A;u; and u,Tu = i -

Theorem 4.1. For the algorithm Eq. (4), when the initial

condition satisfies ||v(0)]| =1, v(0) L u;, we have:
dE
v(t) Lui,  vinll=1, —=<0

Proof. Since u; is constant vector, we have:

0 v
E(V’ ;) = ((;t,uz)

Let a(r) = (v(t),u;). From Au; = Aju;, (uj,u;) = &;j, and
the symmetric positive deﬁniteness of A, we obtain (Av,u;) =

(v,Au;) = Ai(v,u;) = L;a and ): (Av,u;)(uj,u;) = A;o. Thus:

da

ot
where G(t) =

= [Alvll* ~ (AVW)—MO‘(I):G(I)GU)
— [Ai||v]]* = (Av,v) — A;]. Obviously, this is a

first-order linear ordinary differential equation for ¢(z), Given
that the initial condition satisfies v(0) L u;, i.e., a(0) =
(v(0),u;) = 0, its solution satisfies:

alt) = a(0)exp (/0' G(s) ds> 0 = () Lu

Furthermore, we have:

d ., dv
S =2(n5")

=2 [—IIVIIZ(WAV) + (Av,v) vl +

3

Z(Av, u;) (v, u,)] =0

i=1
So, when the initial condition is ||v(0)|| = 1, then ||v(z)|| =1
for all ¢+ > 0.

Define the energy functional E(v) = 5 (v,Av). Using ||v|| =

1, (Av,u;) = A;(v,u;) =0 and Cauchy-Schwarz inequality, we
derive that:
dE d
= (a0 5) = vl sy
< [—llav]® + lav]P(v]*] = 0
Therefore % < 0, which indicates that the energy de-
creases monotonically over time. O

4.1 Discrete scheme
The discrete counterpart of Eq. (4) takes the form of:
YLk
At

- {Hvk+% ||2Avk+% _ (Avk+%’vk+%)vk+%

m—1 (5)
Z Akts i)
i=1

Theorem 4.2. The numerical solution of the scheme Eq.

(5) satisfies:

Vk+1 1w, ||vk+1||

=l=1, EM*<EW

Proof. Let a =<3 = T (VK1 4-yk). Taking the inner product
of both sides of the discrete scheme in Eq. (5), we obtain:
IV = V) = 2AIZ(Aa7ui)(Mi7a) (6)
i=1
0. Suppose for a certain k, (V< u;) =

,m. We next prove v 1 u; for all

When k=0, (0, u;) =
0 holds for all i =1,...
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i=1,...,m. Since (uj,u;) = &j, taking the inner product of
the discrete scheme Eq. (5) with u; gives:

(K- vk,uj) =—At [(Aa,uj)(HaH2 —1)— (Aa,a)(a,u;)]
Using the symmetry of A and the eigenvalue-eigenvector
property (Au;j = Aju;), we have (Aa,u;) = (a,Au;) = Aj(a,u;).
Utilizing (v, u;) =0 and a = 1 (V**! +v), The above equation
can be rewritten as:

2(a,uj) =~ (a,u)) [(la]* = 1)2; — (Aa,a)]
If (a,u;) # 0, we divide both sides by (a,u;) to obtain:
) 2

(lall” = 1)A; - (Aa,a) = — =

The right-hand side is a constant (independent of j),
whereas the left-hand side depends on A; (which may vary
with j). This leads to a contradiction, since the equation cannot
hold for all j in general. Therefore, (a,u;) = 0 must hold for
all j=1,...,m.

By using (%,u;) =0 and a = 5 (V™1 +1F), we obtain:

1
(a,u;) = E(vkﬂ,ui) =0 = (ka,ui) =0

Thus, vvt! Ly, for all k and i = 1,...,m.

Substituting (a, ;) = 0 into Eq. (6) gives ||v IIv
0. Since |V0|| = 1, it follows that |[V**!|| = [v¥|| =1 for all
k>0.

From the orthogonality condition, we have (vk+%,u,~) =0
and (u;, AV 2) = (Aus, ¥+ ) = A;(u;, ¥ 2 ) = 0. Obviously the
discrete scheme Eq. (5) is equivalent to Eq. (2). Therefore, this
discrete scheme possesses the properties of length preservation
and energy dissipation. O]

k+1 ”2 _ k||2 —

4.2 Numerical experiments

Similar to the previous numerical case, based on the
discrete schemes Eq. (5), we obtain the errors of the first five
smallest eigenvalues under different grid sizes at a time step of
At =1, as summarized in Table 5. Fig. 8 presents the energy
dissipation curves corresponding to the first two smallest
eigenvalues. The results in Table 5 and Fig. 8 demonstrate
the effectiveness and energy stability, respectively, of our
algorithm.

5. Conclusions

In this paper, we first briefly introduce the relationship
between eigenvalue problems and various fields, as well as
their applications in these fields. For instance, in energy
engineering, eigenvalues can intuitively quantify system’s sta-
bility, thereby guiding the control of electricity costs in power
systems. We then elaborate on the difficulties encountered in
solving eigenvalue problems in complex systems, emphasizing
the importance of developing a robust gradient-flow-based
algorithm to address these challenges. Finally, we present an
efficient algorithm for solving the first m smallest eigenvalues.
This algorithm is capable of converging from arbitrary initial
guesses to the first m smallest eigenpairs, and its strict length
preservation and unconditional energy stability endow it with

high robustness throughout the entire computational process.
Numerical experiments further demonstrate that it maintains
stable convergence even with large time steps. In addition,
the algorithm can be extended to both linear and nonlinear
problems.
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