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Abstract:

The electrohydrodynamics of droplets driven by alternating current electric fields involves
complex competition between charge relaxation and fluid inertia. To investigate this
non-equilibrium process, this paper employs a thermodynamically consistent phase-field
Lattice Boltzmann Method coupled with the Nernst-Planck equation to numerically
simulate the dynamic response and morphological evolution of leaky dielectric droplets
under alternating current (AC) electric fields. This study systematically decouples the
hydrodynamic response from the competition of electrohydrodynamic stresses. First, in
a baseline scenario where conductivity and permittivity act cooperatively, three frequency-
dependent dynamic regimes are revealed: a quasi-steady breathing mode at low frequencies,
a resonant oscillation mode at medium frequencies, and a steady-state saturation mode
at high frequencies. Second, in a competitive scenario where conductive and dielectric
stresses oppose each other, the AC frequency is found to act as a “switch” controlling the
equilibrium shape of the droplet. As the frequency increases, the dominant mechanism
shifts from a conductivity-driven regime caused by free charge accumulation to a
permittivity-driven regime resulting from dielectric polarization. This shift leads to a
morphological transition from prolate to oblate, with a dynamic balance achieved at a
critical crossover frequency. This research elucidates the regulatory mechanism of AC
frequency on droplet transient evolution and morphology, providing a theoretical basis for
precise droplet manipulation in microfluidic systems.

1. Introduction

In frontier fields such as micro/nanofluidics (Agnihotri et

play technologies, and high-throughput microdroplet screening
(Link et al., 2006).
To accurately predict these complex electrohydrodynamic

al., 2025), optofluidics (Cheng et al., 2025) and precision bio-
chemical detection (Xing et al., 2024), the precise non-contact
manipulation of microdroplets using external electric fields has
emerged as a core technology (Jiang et al., 2024). Compared to
traditional mechanical or thermal actuation methods, electro-
hydrodynamic (EHD) technology can directly induce electric
stresses at the fluid interface, thereby efficiently controlling
droplet morphology, transport, and fission behaviors (Basaran
et al., 2013). With advantages including rapid response, high
integration, and strong programmability, this technology has
demonstrated broad prospects in applications such as variable-
focus liquid lenses (Ren and Wu, 2013), electronic paper dis-
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processes, establishing a rigorous theoretical model is an
indispensable prerequisite. While the classic Taylor’s leaky
dielectric model laid the foundation for steady-state droplet be-
haviors (Melcher and Taylor, 1969), its simplified assumptions
neglect charge diffusion effects and the spatiotemporal evolu-
tion of ion concentration gradients, making it difficult to ac-
curately describe the dynamic details of charge distribution in
the bulk and at interfaces under non-equilibrium states. Recent
work by Ganan-Calvo (2025) points out that for microscale
flows driven by unsteady electric fields, traditional electroki-
netic approximations often require refined scaling laws to
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accurately capture charge transport mechanisms. Therefore,
to more realistically reflect charge dynamic characteristics
from a physical mechanism perspective, introducing a charge
transport model based on Nernst-Planck flux has become the
optimal choice (Luo et al., 2016). Recent numerical work by
Pan et al. (2024) has further confirmed the rigor and stability
of this model in capturing charge relaxation behaviors with
finite rates.

This refined consideration of the finite time characteristics
of charge relaxation is particularly critical in alternating cur-
rent (AC) electric field scenarios. As noted by Saville (1997),
droplet dynamics under AC electric fields are essentially the
result of the competition between the external field frequency
and the charge relaxation frequency. The pioneering work of
Torza et al. (1971) first laid the theoretical foundation for
this field, revealing the intrinsic correlation between AC field
parameters and droplet deformation. Subsequent theoretical
derivations (Torza et al.,, 1971; Sozou, 1972) and classic
experimental studies (Xu et al., 2023; Bono et al., 2024)
have further confirmed that the synergistic action of electric
field amplitude and frequency can significantly alter the spa-
tiotemporal distribution of interfacial electric stresses, thereby
inducing distinct evolutionary laws in droplets. Based on these
physical mechanisms, current research efforts have shifted to-
wards achieving on-demand customization of droplet dynamic
behaviors through the precise regulation of AC parameters
(Wang et al., 2025), satisfying the growing manipulation
demands of microfluidic systems (Wang et al., 2024).

Given the limitations of analytical methods in handling
nonlinear coupling, numerical simulation has become crucial
for EHD research. The Lattice Boltzmann Method (LBM) is
widely favored for its superiority in managing complex in-
terfacial topology and convection-diffusion problems (Kriiger
et al.,, 2017). In this study, we adopt the thermodynamically
consistent phase-field LBM framework developed by Xiong
et al. (2025). By rigorously integrating the Nernst-Planck
equation, this model accurately captures charge transport and
dynamic interfacial evolution, providing a robust foundation
for our simulations.

While steady-state behaviors under direct current (DC)
fields are well-documented (Melcher and Taylor, 1969;
Feng, 1999), the transient dynamics under alternating current
(AC) fields-specifically the response governed by the com-
petition between fluid inertia and charge relaxation-remain
underexplored. Consequently, this paper utilizes the aforemen-
tioned framework to systematically investigate the influence
of AC frequency on droplet deformation. By analyzing the
cooperative and competitive mechanisms of conductive and
dielectric stresses, we aim to elucidate the transient evolution
mechanisms, offering theoretical insights for optimizing AC
electro-controlled systems.

2. Problem setup and nondimensional
parameters
The schematic of the problem configuration is illustrated in

Fig. 1. The computational domain consists of a square cavity.
Initially, a circular droplet of radius r is centered within the

cavity and suspended in a surrounding medium. An electric
field is established by grounding the bottom wall and applying
an oscillating electric potential to the top wall, defined as
(Esmaeeli and Halim, 2018):

o(x,0,0) =0, =0, o@(x,L,t)=¢,=q@osin(wr) (1)
where @y denotes the amplitude of the alternating electric field
and o represents the angular frequency. Consequently, in the
absence of the droplet, the applied background electric field
intensity is given by E(¢) = Epsin(wt), where Ey = ¢y/L. Re-
garding boundary conditions, periodic boundary conditions are
applied in the horizontal direction, while the no-slip boundary
conditions at the top and bottom plates are implemented using
the half-way bounce-back scheme (Kriiger et al., 2017).

! Pt i_—
lEosin(wt) i

i — bl
E (Pl, Uy, 0y sl) i

Ly i

: Lﬂc Pb

| |

I 1

L

Fig. 1. The configuration of a droplet suspended in another
leaky dielectric fluid under a uniform electric field. The
subscripts 1 and v represents the internal and external fluids,
respectively.

The physical properties of the fluids include densities py,
Pg, Viscosities U, [, dielectric constants &, &, and electrical
conductivities 0y, 0,. The surface tension is denoted by 7.
The subscripts ! and g refer to the liquid droplet (inner
phase) and the ambient medium (outer phase), respectively.
The dimensionless control parameters governing the system
are defined as follows:
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where Re is the Reynolds number defined as the ratio of
electric force to viscous force, Reg is the electric Reynolds
number used to quantify the surface charge convection, o is
the charge diffusion coefficient with kg, @ and T being the
Boltzmann constant, charge mobility and fluid temperature,
respectively.

In all simulations presented in this study, the width of
the square domain is set to L = 8r, and the lattice size of
the computational domain is fixed at 200 x 200. To eliminate
the influence of buoyancy on droplet migration, simulations
are conducted using density-matched fluids (p; = pg). Other
parameters utilized in the phase-field simulation are selected
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as follows: vy = 0.001 (surface tension), W = 5.0 (interface
width), and M = 0.1 (mobility). Furthermore, to ensure that
charge transport within the system is dominated by the Ohmic
conduction mechanism rather than convection, a sufficiently
small electric Reynolds number (i.e., Reg < 1) is selected.
Based on relevant experimental data, the Reynolds number
is of the order O(1), and the charge diffusion coefficient is
approximately 10~*. Based on the aforementioned analysis,
unless otherwise specified, all subsequent simulations in this
section are performed under the conditions of Reg = 1073, Re
=1.0, & = 107%, and Cag = 0.2.

3. Mathematical formulation and numerical
method

In this study, the system is assumed to consist of immisci-
ble and incompressible Newtonian fluids. The fluid dynamics
are governed by the Navier-Stokes equations, while the electric
field is described by the electrostatic equations coupled with
the Nernst-Planck equation for charge transport (Xiong et
al., 2025):
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where u, p, p, and u represent the fluid velocity, pressure,
density, and dynamic viscosity, respectively; E and g denote
the electric field strength and space charge density; €, o, and
a represent the dielectric permittivity, electrical conductivity,
and charge diffusion coefficient. F is the surface tension
force. The interfacial evolution is tracked using the phase-field
method via the Cahn-Hilliard equation (Xiong et al., 2025):
ai)—l—u-V(b =V-MVyu,

Mo =4Bo(0—1)(0—0.5) —kV29 — ~&'(9)[E[?
where ¢ is the order parameter (0 for the light fluid and 1 for
the heavy fluid), M is the mobility, and uy is the chemical
potential including the electric stress term. The parameters 3
and x are related to the surface tension y and the interface
width W. The physical properties (p, i, T, €) are interpolated
across the interface using standard linear or Hermite schemes
as detailed in Xiong et al. (2025).

To solve the aforementioned coupled macroscopic equa-
tions, this study employs the lattice Boltzmann method (LBM)
with a two-dimensional nine-velocity lattice structure and the
single-relaxation-time (SRT) Bhatnagar-Gross-Krook (BGK)
collision operator. The numerical solution schemes for the four
physical fields—flow field, phase field, electric potential, and
charge density (including the evolution equations, equilibrium
distribution functions, and source term treatments)—strictly
follow the computational framework established in Xiong et
al. (2025).

4. Result and discussion

In this section, we investigate the dynamic behavior and
morphological evolution of a leaky dielectric droplet under an
AC electric field E(t). To systematically decouple the effects
of hydrodynamic response and EHD force competition, we
analyze two distinct representative cases. We first examine the
baseline scenario (R = 5, S = 60), where both conductivity
and permittivity ratios favor prolate deformation, to isolate the
hydrodynamic frequency response. Subsequently, we extend
the analysis to a competitive scenario (R = 5, § = 0.5),
where the conductive and dielectric forces act in opposition,
highlighting the frequency-dependent shape transition (Torza
et al., 1971; Saville, 1997).

Focusing first on the hydrodynamic dynamics, simulations
were conducted for the baseline case (R = 5, S = 60) at three
characteristic time periods: 7 = 120,000 Ar (Low Frequency),
T = 80,000 At (Medium Frequency), and T = 4,000 Ar
(High Frequency). As illustrated in Fig. 2, the droplet exhibits
three distinct dynamic regimes determined by the ratio of
the electric field period to the characteristic hydrodynamic
response time. In the low-frequency limit (7 = 120,000 Af),
the period of the external driving force is significantly longer
than the hydrodynamic relaxation time. Consequently, the fluid
responds instantaneously to the electric stress variations. The
droplet undergoes a “quasi-steady breathing” mode, where
it elongates to its maximum deformation at the field peak
and fully retracts to a spherical shape (D ~ 0) as the field
crosses zero, indicating that inertial effects are negligible
in this regime (Feng and Scott, 1996; Esmaeeli and Shar-
ifi, 2011). As the frequency increases to the medium range
(T = 80,000 Ar), the driving period becomes comparable to
the hydrodynamic response time, and fluid inertia begins to
play a dominant role. In this resonant regime, the droplet
exhibits large-amplitude oscillations. However, unlike the low-
frequency case, the droplet fails to recover its spherical shape
during the zero-field crossing (D,,in > 0). Before the droplet
can fully relax, the electric field in the subsequent half-
cycle increases and pulls it apart again. A distinct phase
lag is also observed between the deformation peak and the
electric field peak, signifying substantial viscous dissipation
(Mandal and Chakraborty, 2017). Conversely, in the high-
frequency limit (7' = 4,000 Ar), the field oscillates much faster
than the fluid can respond. The viscous damping effectively
filters out the high-frequency components of the electric stress,
causing the droplet to respond only to the time-averaged RMS
force (Saville, 1997). Consequently, the deformation parameter
stabilizes at a constant value with negligible fluctuations,
behaving similarly to a droplet in an equivalent DC electric
field.

While the analysis of the baseline case elucidates the
temporal response of the fluid, it represents a scenario of
“cooperative” stresses where the equilibrium shape remains
qualitatively unchanged across frequencies. However, in many
practical applications involving composite fluids, the conduc-
tive and dielectric properties may exert competing forces. To
capture the more complex physics where frequency dictates
not just the stability but the direction of deformation, we must
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consider the scenario where these forces act in opposition.
We therefore introduce the competitive case (R = 5, § = 0.5).
In this configuration, the conductivity ratio (R = 5) favors
prolate elongation, whereas the permittivity ratio (S = 0.5)
favors oblate compression. This setup allows the AC frequency
to act as a decisive “switch” between two distinct physical
mechanisms: Charge relaxation and dielectric polarization.
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Fig. 2. Evolution of the deformation parameter D with time
at different frequencies, and the applied voltage.
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Fig. 4. Evolution of the deformation parameter D with time.

As depicted in Figs. 3 and 4, the droplet in this competitive
scenario undergoes a distinct shape transition from prolate
to oblate as the frequency increases (Torza et al., 1971). In
the low-frequency range (7" > 80,000 Ar), the time scale
is sufficient for free charges to migrate and accumulate at
the interface. Since R = 5, the fluid behaves as a leaky
conductor. The tangential migration of free charges generates
an extensional stress that elongates the droplet (D > 0),
consistent with the behavior observed in DC electric fields
(Melcher and Taylor, 1969). In this regime, the conductivity
mismatch dominates the EHD interaction. However, as the
frequency increases towards the high-frequency limit (7 <
400 At), the rapid oscillation of the electric field prevents free
charges from accumulating at the interface. Consequently, the
droplet behaves as a perfect dielectric, and the electric stress
is governed solely by the polarization mismatch. Dominated

by the permittivity ratio S = 0.5, the polarization stress
compresses the poles and stretches the equator, resulting in
an oblate deformation (D < 0). Between these two extremes,
there will be a crucial crossover frequency at which the
electrical (pulling force) and dielectric (pushing force) stresses
dynamically balance each other (Vlahovska, 2019). At this
specific frequency, the time-averaged deformation parameters
approach zero, enabling the droplet to maintain a nearly
spherical shape even in the presence of a strong electric field.

5. Conclusion

This study numerically investigates the frequency-
dependent dynamics and morphological evolution of a leaky
dielectric droplet under an AC electric field. By systemat-
ically decoupling the hydrodynamic response from electro-
hydrodynamic stress competition, we identified three distinct
dynamic regimes determined by the ratio of the electric field
period to the fluid relaxation time. At low frequencies, the
droplet follows a quasi-steady breathing mode with negli-
gible inertia, whereas intermediate frequencies trigger reso-
nant oscillations with significant phase lag. Conversely, high-
frequency viscous damping suppresses oscillations, leading
to a steady-state deformation governed by the time-averaged
electric force.

Furthermore, in systems with competing electrical prop-
erties, the AC frequency acts as a decisive control parame-
ter for droplet morphology. As frequency increases, a mor-
phological transition from prolate to oblate occurs, shifting
the dominance from conductivity-driven charge accumulation
to permittivity-driven polarization. Consequently, the droplet
transitions from a leaky conductor to a perfect dielectric. A
critical crossover frequency was also identified where these
opposing stresses dynamically balance, maintaining the droplet
in a near-spherical equilibrium despite the strong electric field.
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